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a b s t r a c t
We prove that the additive structure of the ring of Laurent polynomials augmented by the
predicate symbol P , where P(x) if and only if x is a power of t , is decidable. We also prove
that the first-order theory of the previous structure together with the relation |t , where
x |t y if and only if ∃s ∈ Z y = x · ts, is undecidable.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
It is well known that the additive theory of a polynomial ring over a finite field is decidable (for a concrete result of
this type see, for example, [20]). On the other hand, the full ring theory with its additive and multiplicative structure is
undecidable (cf. [16]); even the positive-existential theory is undecidable (cf. [4,13], the first in the ring language augmented
by a symbol for the variable of the polynomials and the second without such a constant, but with a predicate for the
transcendental elements of the ring). In the light of the similarity of common properties of these rings with ‘analogous’
properties of the ring Z of rational integers, those results are an analogue of the decidability of Presburger Arithmetic (the
additive structure of Z as an ordered ring, cf. for example [5,1]) and the undecidability of the ring theory of Z (which is an
immediate consequence of Gödel’s Incompleteness Theorem, cf. [6]) or, the very much sharper negative answer to Hilbert’s
tenth problem (cf. [2,8]), i.e. the undecidability of the positive-existential theory of Z. It is therefore of interest to examine
sub-theories of the theory of such a polynomial ring, from the point of view of decidability. The literature on the subject
is not large, but it seems reasonable to ask questions similar, at least in terms of appearance, to questions that have been
asked over the ring of integers Z. Apart from the possible independent interest of the results in this line of investigation, the
methods used can then be transferred, occasionally, to answer the initial questions over Z.
In this paper, we deal with sub-theories of the rings Fq[t] and Fq[t, t−1] (Fq is a finite field with q elements and t is a
variable). These rings may be considered as ‘similar’ to the rings Z and Z[ 1
ℓ
], respectively, where ℓ is a prime number. All
our structures will contain addition and constant symbols and operation to represent any element of Fq[t]. The additional
structure that we will impose is of two sorts: first, we will consider the relation (property) P that stands for the powers of
t (the resulting structures are analogues of the structures ZP = [Z;+, {ℓn}n∈N; 0, 1] and Zℓ−1,P = [Z[ 1ℓ ];+, {ℓn}n∈Z; 0, 1],
respectively). Second, we will consider, instead of P , the relation |t which is defined by
x|ty if and only if ∃s ∈ Z y = x · ts
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(the resulting structures are analogues of the structures Z|ℓ = [Z;+, |ℓ; 0, 1] and Zℓ−1,|ℓ = [Z[ 1ℓ ];+, |ℓ; 0, 1], respectively,
where |p is defined similarly as |t , with t replaced by ℓ). So we define the structures
Fq,t,P = [Fq[t];+, {tn}n∈N; 0, 1, t, ft ],
Fq,t,t−1,P = [Fq[t, t−1];+, {tn}n∈Z; 0, 1, t, ft ],
Fq,t,|t = [Fq[t];+, |t; 0, 1, t, ft ]
and
Fq,t,t−1,|t = [Fq[t, t−1];+, |t; 0, 1, t, ft ]
where ft is a one placed functional symbol interpreted by ft(x) = tx (in other words, we allow multiplication by t) and |t is
as above.
The known results are as follows.
(1) The first-order theory of ZP is decidable (see [18] by Semenov). In [3] Delon showed the undecidability of the first-
order theory of Z2−1,P,f = [Z[ 12 ];+, {2n}n∈Z; 0, 1; f ], where f is a binary function interpreted by the restriction of the
multiplication to 2Z × Z[ 12 ]. The decidability or undecidability of Zℓ−1,P remains an open problem.
(2) The first-order theory of Fq,t,P is decidable (see [20] by the author). We give a positive answer (decidability) for the
existential theory of Fq,t,t−1,P in the first part of the present paper.
(3) The first-order theory of Z|ℓ is undecidable (see [12] by Pheidas). The similar question for Zℓ−1,|ℓ is an open problem.
(4) Consider the structure [Z;+, |ℓ, >; 0, 1], i.e., the structure which results from Z|ℓ with the additional relation of
inequality. We note that the positive-existential theory of this structure is undecidable (see [10,14]). However, the
decidability of the positive-existential theory of Z|ℓ is still an open question, and the same is true for Zℓ−1,|ℓ .
(5) In the second part of the present paper we show that the first-order theory of each ofFq,t,|t andFq,t,t−1,|t is undecidable.
The similar questions about the positive-existential theories are both open problems.
Obviously all questions, intermediate to the above, are open. We note that some of those questions have important im-
plications in other problems. For example, if it turns out that the structure of addition and |ℓ over an order of a quadratic
number field (instead of Z) has an undecidable positive-existential theory then it will follow that an analogue to Hilbert’s
tenth problem for the field F˜p(t), of rational functions in the variable t , with coefficients in an algebraic closure F˜p of the
finite field Fp, has a negative answer (undecidability); for the details see [12], for a discussion of this structure see also [11].
For a survey of the status of problems related to Hilbert’s tenth problem see [14,15,19].
By Nwe denote the set of positive integers and by N0 the set of non-negative integers.
We will work in the following languages (sets of symbols).
Definition 1. (I) We define
L1 = {+, 0, 1, c3, . . . , cq−1, ft , P}
and we will consider the models Fq[t] and Fq[t, t−1] of L1, adopting the following conventions:
(i) The constant symbols 0 and 1 will be interpreted by the neutral elements of addition andmultiplication, respectively;
the constant symbols c3, . . . , cq−1 will represent the remaining elements of Fq. The constant symbol t stands for the variable
t and t−1 stands for the inverse of t .
(iii) The unary function symbol ft stands for the function x → tx.
(iv) Whenever L1 is interpreted in Fq[t, t−1], we will assume without noting that L1 contains the symbol t−1 for the
inverse of the variable t and for the unary function symbol ft−1 for the function x → t−1x (notice that both t and ft are
quantifier-free definable in the initial language L1).
(v) The unary predicate P is interpreted by
P(ω) stands for ‘‘∃k ∈ Z(ω = tk)’’
where k ranges in N0 in the case of Fq[t] and in Z in the case of Fq[t, t−1].
(II) We define the language L2 by
L2 = {+, ft , ft−1 , |t , 0, 1, c3, . . . , cq−1, }
and we will consider the models Fq[t] and Fq[t, t−1] of L2, adopting the same conventions as for L1, together with the
following:
The binary relation x|ty is defined by
∃s x · ts = y
where s ranges in N0 in the case of Fq[t] and in Z in the case of Fq[t, t−1].
Note that the predicate P is definable in L2, as P(x) ⇐⇒ 1|tx. Therefore, for brevity, we will use P(x) when needed,
even when we work with the language L2.
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Our main theorems are as follows.
Theorem 1. The existential theory of Fq,t,t−1,P is decidable.
Theorem 2. The full theories of Fq,t,|t and of Fq,t,t−1,|t are undecidable.
2. Decidability
Consider any quantifier-free formula ψ(x¯) in L1, where x¯ = (x1, . . . , xn). Then ψ(x¯) is equivalent to a quantifier-free
formula in disjunctive-normal form with literals among the following relations:
h(x¯) = 0, P(g(x¯))
and their negations, where h(x¯), g(x¯) are polynomials of degree 1 with coefficients from Fq[t, t−1]. Therefore we obtain
Proposition 3. Every existential sentence of L1 is equivalent to a finite disjunction of formulas of the form
σ : σ0 ∧ ∃x¯(σ1 ∧ σ2 ∧ σ3 ∧ σ4) (1)
where σ0 is an open formula,
σ1(x¯) :

i
gi(x¯) = 0, (2)
σ2(x¯) :

j
hj(x¯) ≠ 0, (3)
σ3(x¯) :

k
P(xk), (4)
σ4(x¯) :

µ
¬P(xµ), (5)
where
each index among i, j, k, µ ranges over a finite set and each of gi, hj, is a degree-one polynomial of the indicated variables over
Fq[t, t−1].
Proposition 4. Consider σ to be of the form given in Proposition 3. Then there is an open formula σ ′ in L1 such that
∃x¯ ∈ (Fq[t, t−1])n[σ(x¯)] if and only if ∃u¯ ∈ (Fq[t])n, ∃y ∈ Fq[t][σ ′(u¯, y) ∧ P(y)].
Proof. Let σ1(x¯) be of the form
E1
i=1 gi(x¯) = 0, with gi(x¯) = a1,ix1 + · · · + an,ixn + ai, aj,i, ai ∈ Fq[t] and σ2(x¯) be of the
form
E2
j=1 hj(x¯) ≠ 0, with hj(x¯) = b1,jx1 + · · · + bn,jxn + bj, bl,j, bj ∈ Fq[t]. We define σ ′1(u¯, y):
E1
i=1
a1,iu1 + · · · + an,iun + aiy = 0.
Similarly we define σ ′2(u¯, y):
E2
j=1
b1,iu1 + · · · + bn,iun + biy ≠ 0.
We denote by σ ′(u¯, y) the formula
σ ′1(u¯, y) ∧ σ ′2(u¯, y) ∧ σ3(u¯) ∧ σ4(u¯) ∧ P(y).
Consider the following ordering≤t on any finite set {x1, . . . , xn} ⊂ Fq[t, t−1]:
xi ≤t xj if and only if xi = zitki and xj =
zj
tkj
, t ̸ |zi, t ̸ |zj and ki ≤ kj.
For every ordering δ on ⟨{x1, . . . , xn},≤t⟩we define∆δ to be the unique j such that for all xk holds xk ≤t xj. We proceed
now to complete the proof.
Assume that there is x¯ ∈ (Fq[t, t−1])n such that σ(x¯) holds. Then there is an ordering δ on ⟨{x1, . . . , xn},≤t⟩. Let xi = zitki ,
with t ̸ |zi. Therefore, we have that
a1,i
z1
tk1
+ · · · + an,i zntkn + ai = 0.
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Then multiplying both sides by tk∆δ we obtain
a1,itk∆δ−k1z1 + · · · + an,itk∆δ−knzn + aitk∆δ = 0.
Similarly for every inequality we have that
b1,jtk∆δ−k1z1 + · · · + bn,jtk∆δ−knzn + bjtk∆δ ≠ 0.
Therefore u¯, y, with uj = tk∆δ−kjzj and y = tk∆δ is a solution of σ ′ in Fq[t].
Conversely, assume that there is u¯ ∈ (Fq[t])n, y ∈ Fq[t] such that σ ′(u¯, y) holds. Let y = tk, for some k ∈ N0. Then by
dividing both sides by tk each equality and inequality, we obtain that x¯, with xj = ujtk is a solution of σ in Fq[t, t−1]. 
In [20], it was shown as in what follows.
Theorem 5. The existential theory of Fq,t,P in the language L1 is decidable.
Therefore combining the results of Proposition 4 and Theorem 5 we derive Theorem 6.
Theorem 6. The existential theory of Fq,t,t−1,P in the language L1 is decidable.
3. Undecidability
Our task in this part is to prove Theorem 2. We work in the language L2 and with models Fq[t] and Fq[t, t−1] of L2.
Lemma 7. (a) Let n1, n2, n3, n4 ∈ N be such that in Fq[t] we have
(tn1 − 1)(tn2 − 1) = (tn3 − 1)(tn4 − 1).
Then either n1 = n3 and n2 = n4, or n1 = n4 and n2 = n3.
(b) A similar property holds in Fq[t, t−1], for n1, n2, n3, n4 ∈ Z.
Proof. The proof for (a) results from aword-by-word repetition of Lemma 2(a) of [9], replacing p by t . The proof for the case
of Fq[t, t−1] follows by clearing denominators in the relation of the assumption, then equating the orders at t = 0 of the
two sides and finally applying (a). The details are left to the reader. 
Lemma 8. Let x, y, z ∈ Fq[t] (respectively ∈ Fq[t, t−1]). Then the relation
y = x · z ∧ P(z)
is defined in L2 (over any of Fq[t] and Fq[t, t−1]) by
x|ty ∧ (x+ t)|t(y+ tz) ∧ (x+ 1)|t(y+ z) ∧ P(z).
Proof. (⇒) Let x, y, z ∈ Fq[t, t−1] be such that y = x · z and z = ts, for some s ∈ Z. Therefore by definition of |t we have
x|ty holds since y = x · t l, for l = s,
(x+ t)|t(y+ tz) holds since y+ tz = (x+ t) · t l, for l = s,
(x+ 1)|t(y+ z) holds since (y+ z) = (x+ 1) · t l, for l = s.
(⇐) Assume that y = x · t l1 , y+ tz = (x+ t) · t l2 , (y+ z) = (x+ 1) · t l3 and z = t l4 hold for some l1, l2, l3 ∈ Z. If x = 0,
then also y = 0, and there for we have that y = x · z. So let y ≠ 0. After substituting the first relation into the two others,
we obtain
x(t l1 − t l3) = (t l3 − t l4) and x(t l1 − t l2) = (t l2+1 − t l4+1).
Having the assumption that x ≠ 0, we get that
(t l1 − t l3)(t l2+1 − t l4+1) = (t l3 − t l4)(t l1 − t l2). (6)
Note that the powers of t in the Eq. (6) are integers. Let λ = max{|l1|, |l2|, |l3|, |l4|} + 1, where |li| is the absolute value
of li. Then multiplying both sides of the Eq. (6) by t2λ, we obtain
(tλ+l1 − tλ+l3)(tλ+l2+1 − tλ+l4+1) = (tλ+l3 − tλ+l4)(tλ+l1 − tλ+l2). (7)
The powers of t in Eq. (7) are positive integers. Using Lemma 7 and Lemma 2(a) of [9] we obtain that l1 = l4.
The proof for the case of Fq[t] is similar. The details are left to the reader. 
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Consider the set At = {t j : j ∈ Z} (over Fq[t, t−1] and j ∈ N0 over Fq[t]). Let T and∆ be the following relations:
T = {(t l, tm, tn) : l,m, n ∈ Z and l+m = n}
and
∆ = {(t l, t r) : l, r ∈ Z and l|r}.
Lemma 9. The relations At , T and∆ are positively existential definable in L2 over Fq[t, t−1] and over Fq[t].
Proof. • x ∈ At ⇐⇒ 1|tx.
• (x, y, z) ∈ T ⇐⇒ P(x) ∧ P(y) ∧ P(z) ∧ x · y = z
Indeed, (x, y, z) ∈ T if and only if x = t l, y = tm, z = tn), for some l,m, n ∈ Z with l + m = n if and only if
x = t l, y = tm, z = tn), for some l,m, n ∈ Z and t l · tm = tn) if and only if P(x) ∧ P(y) ∧ P(z) ∧ x · y = z.
• (x, y) ∈ ∆ ⇐⇒ P(x) ∧ P(y) ∧ ∃z(x · z − z + 1 = y)
Indeed, (x, y) ∈ ∆ if and only if x = t l, y = t r , for some l, r ∈ Zwith l|r if and only if x = t l, y = t r , for some l, r ∈ Z and
t l − 1|t r − 1 if and only if there is some z such that (x− 1)z = y− 1 if and only if P(x) ∧ P(y) ∧ ∃z(x · z − z + 1 = y). 
Proof of Theorem 2. We will work first over Fq[t, t−1]. In order to obtain the desired undecidability result we will use the
isomorphism between the structures ⟨Z,+, |, 0, 1⟩ and ⟨At , T ,∆, 1, t⟩.
In [17] it was proved that the full theory of ⟨Z,+, |, 0, 1⟩ is undecidable. Then the undecidability of the first-order theory
of Fq[t, t−1] follows by the following classical argument: Assume that the first-order theory of Fq[t, t−1] were decidable.
Then, given a sentence ψ0 of the language {+, |, 0, 1}, we would be able to construct a formula ψ of L2, which is true over
Fq[t, t−1] if and only ψ0 is true over Z, which is impossible. This will conclude the proof. The rules of constructing ψ from
ψ0 are the following:
• Each variable of ψ0 is a variable of ψ , together with a declaration that it belongs to At .
• Each equality a+ b = d of terms in ψ0 translates to (a, b, d) ∈ T in ψ .
• Each divisibility a|b of terms in ψ0 translates to (a, b) ∈ ∆ in ψ .
The proof for the case of Fq[t] is similar considering the set A′t = {t j : j ∈ N0} and the corresponding relations T ,∆, using
the fact that the full theory of ⟨N0,+, |, 0, 1⟩ (see [17]) is undecidable. The details are left to the reader. 
Remark. The argument used for the undecidability of the theory of Fq[t, t−1] in L2 and of the theory of Fq[t] in L2 − {ft−1}
cannot be used for a proof of undecidability of the existential theory, as it is known that the existential theories of
⟨Z,+, |, 0, 1⟩ and of ⟨N0,+, |, 0, 1⟩ are decidable (cf. [7]).
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